We revisit models, within the Einstein-Cartan theory, where the cosmological constant Λ is promoted to a variable, at the cost of allowing for torsion even in the absence of spinors. We remark that some standard notions about FRW Universes collapse in these theories, most notably spatial homogeneity and isotropy may now coexist with violations of parity invariance. The parity violating solutions have non-vanishing Weyl curvature even within FRW models. The presence of parity violating torsion opens up the space of possible such theories with relevant FRW modifications: in particular the Pontryagin term can play an important role even in the absence of spinorial matter. We present a number of parity violating solutions with and without matter. The former are the non-self dual vacuum solutions long suspected to exist. The latter lead to tracking and non-tracking solutions with a number of observational problems, unless we invoke the Pontryagin term. An examination of the Hamiltonian structure of the theory reveals that the parity even and the parity violating solutions belong to two distinct branches of the theory, with different gauge symmetries (constraints) and different numbers of degrees of freedom. The parity even branch is nothing but standard relativity with a cosmological constant which has become pure gauge under conformal invariance if matter is absent, or a slave of matter (and so not an independent degree of freedom) if non-conformally invariant matter is present. In contrast, the parity violating branch contains a genuinely new degree of freedom.
I. INTRODUCTION
In previous work [1, 2] the possible variability of the cosmological "constant", Λ, was examined from two standpoints. First, there is the apparent obstruction presented by Bianchi identities to the variability of the Λ term in the Einstein equations, and the fact that this obstacle is promptly removed in the first order formalism if torsion is permitted. That the presence of torsion can change dramatically the perspective of problems is not new (see for example [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] ). In the context of [1] the requisite torsion is provided by a topological term (the Euler invariant) multiplied by an appropriate function of Λ uniquely specified by the Bianchi identities. Then, not only is a varying Λ allowed, but in the absence of matter and Weyl curvature, Λ is left unspecified by the field equations and is totally free.
More importantly, there was a second perspective, put forward in [13] and [14] . Could Λ, or a function thereof, be promoted to a dynamical variable canonically conjugate to the imaginary part of the Chern-Simons invariant? The latter is a well-known measure of time capable of surviving quantum gravity [15] . The prospect of a quantum complementarity principle between cosmological time and Λ leads to interesting speculations regarding the possible disruption to an omnipresent time-line for our Universe [14, 16] . More mundanely it is natural to ask: can such quantum complementarity arise from a classical Poisson bracket in a well defined Hamiltonian theory?
Regrettably the minimal realization explored in [1, 2] leads * j.magueijo@imperial.ac.uk † zlosnik@fzu.cz to a drastically unviable cosmology. This is not altogether surprising. Against current trends, the proposed new theory of gravity has fewer free parameters than General Relativity (GR), instead of a multitude of new knobs that can be turned at will to fit any dataset, as is often the case with modifications to GR. No wonder a preliminary investigation ends in phenomenological disaster [2] .
In this paper we revisit the work of [1, 2] and push it beyond a first exploration. As a central result, we show that torsion opens up the doors to non-parity invariant homogeneous and isotropic cosmological models. These live on a separate branch from the parity even solutions reported in [2] . The two branches have qualitatively different equations and this is reflected in the different structures of Hamiltonian constraints, and even different number of degrees of freedom. It can be argued that they constitute separate theories; or, at the very least, are two entirely independent phases of the same theory.
It is not difficult to see that such solutions may exist, and that parity invariance is not a symmetry necessity for homogeneous and isotropic Universes, but, rather, results from the field equations that impose zero torsion in standard GR. Following the notation of [2] , homogeneity, isotropy (and the vanishing of spatial curvature) imply the tetrad:
where a(t) is the expansion factor, t is proper cosmological time and x i are comoving cartesian coordinates (later in this paper we shall reinstate spatial curvature). No violation of parity is allowed for the tetrad. However, the torsion T a = De a ≡ de a + ω a b e b is a 2-form, so using only homogeneity
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and isotropy it can take the general form:
The term in P (t) is parity-odd and can be excluded if we impose parity invariance in addition to homogeneity and isotropy (as in [2] ), but not otherwise. The new solutions in this paper result directly from this term. They imply terms in the curvature that drop out of Einstein's equations. The parity-odd torsion P produces Weyl as well as Ricci curvature in FRW, whereas T only produces Ricci curvature. Thus, the vanishing of the Weyl tensor in homogeneous and isotropic Universes is also not a symmetry requirement, but an implication of the field equations in certain theories (but not in [1]).
As we shall see below, the parity-odd term in the torsion not only reveals a new branch in the Hamiltonian structure of the theory proposed in [1, 2] , but opens up the space of possible theories with relevance for homogeneous and isotropic models. An action term proportional to the Pontryagin invariant was discounted in [2] because it vanishes identically for parity-even FRW models. The possibility of parity violating solutions brings this term into play. In Section II we propose a possible construction where the Immirzi parameter γ controls the strength of the Pontryagin term. In Section III we derive the equations of motion and reduce them to FRW Universes. We find that indeed new terms appear in the FRW equations when γ is finite, due to the Pontryagin and the P terms. In view of the complexity of the equations we defer to a separate publication the detailed study of these Pontryagin homogeneous and isotropic cosmologies [17] . The rest of the paper assumes |γ| → ∞ and is organized as follows.
In Section IV we present solutions to the parity violating branch of the FRW models studied in [1, 2] . For vacuum solutions we find the non-self dual solutions previously suspected to exist. In the presence of matter we find the tracking and non-tracking solutions, presenting also some preliminary simple results for finite γ. We identify several observational problems and the way to fix them. We conclude that finite γ is needed for a viable cosmology.
In the remaining Sections V, VI and VII we find the Hamiltonian structure of the theory. We show that setting P = 0 or not leads to different theories, with different numbers of constraints and degrees of freedom. We identify the presence of an extra constraint with respect to GR if P = 0, and prove that it represents conformal invariance. Switching on the parity breaking term in the torsion amounts to breaking conformal invariance. The solutions found in [2] , therefore, are nothing but conformal gauge transformations performed upon GR, unless non-conformal matter is added. In contrast our new solutions represent a genuinely new degree of freedom.
II. THEORIES WITH A VARYING-Λ AND SELF-DUALITY
In the exploration of theories with a variable Λ in [1, 13] , it was found that the duality interchanging
plays a central role. This duality is satisfied by the solutions to the Einstein equation in the absence of matter and Weyl curvature:
and these are called self-dual (SD) solutions. It was noted in [1] that the SD condition trivially survives the promotion of Λ to a field. One may ask what is the most general gravitational action which 1) is at most quadratic in the curvature;
2) leaves the standard Einstein equations (the e equation) unmodified;
3) contains the Palatini action as a term (or reduces to standard torsion-free GR should Λ be constant);
4) is SD, remains invariant under duality (5)?
A possible answer is:
This action is evidently symmetric under (5) . It has the property that it satisfies a stronger version of 3), in that it reduces to the Holst action for constant Λ. It can be unwrapped into four terms S g = S P al + S Eul + S N Y + S P ont according to:
The first term is the usual Palatini action, as required by point 3. The second term is the quasi-Euler term in the form contemplated in [1] . The pre-factor − 3 2Λ is fully determined by the duality. Following the "quasi-topological principle" advocated in [1] (see Section II of that reference) one could add other quasi-topological terms preserving the duality. The term S N Y is the Nieh-Yan invariant. Its first term is associate the Holst term, with γ the Immirzi parameter. To this term one must generally add the "torsion-squared" second term, to ensure it forms a boundary term (and comply with our requirement 2). If this term is present, then the simple form of the action Eq. (7) (which is just a special realization of the SD condition, albeit one with particular aesthetic appeal) requires the presence of the term S P ont . This is the Pontryagin invariant multiplied by − 3 γΛ . The last two terms vanish if the Immirzi parameter γ is infinite 1 . If γ is finite then the action (7) does not transform homogeneously under a parity transformation acting on fields with local Lorentz indices.
We stress that this pleasant looking form of the action is not the most general one. The first term in (7) is manifestly SD and built from basic blocks (η ab and abcd ), but to make it comply with condition 3 we had to subtract the torsion squared second term in (7). But we could equally well have subtracted the the Holst term contained in the first term in (7) , so that the proposed action would just differ from that proposed in [1, 2] by the Pontryagin invariant multiplied by a function of Λ. Once the connection with the Holst term is lost, the factor multiplying the Pontryagin could be any function of Λ. This results from the fact that the Pontryagin term already is invariant under (5), or rather, the term needed to make it manifestly invariant is zero (it is proportional to e a e b e a e b ). The pre-factor could be any constant divided by Λ on dimensional grounds. If the constant κ = 8πG can be used here the pre-factor could also be any power of Λ. In spite of this, for simplicity we shall use (7) for the rest of this paper.
Eq. (7) is the proposed gravity action. Matter can be added to it as usual:
where we assume that the matter Lagrangian does not depend on ω. The stress-energy 3-form is given by:
and no spin current is present generating torsion from matter. This is likely to be a very good approximation in cosmology and is exact if spinors are assumed to couple to the torsionfree spin-connection. 1 The theory in the limit of infinite γ also corresponds to a specific gauge theory of gravity based on de Sitter or anti de Sitter groups in a symmetry broken phase with remnant Lorentz symmetry [18] [19] [20] .
III. THE FIELD EQUATIONS AND THEIR FRW REDUCTION
It is easy to verify that variation of the action (7) with respect to e, ω and Λ leads to:
Since the Nieh-Yan term is a topological term (rather than a quasi-topological term) it does not contribute to any of the three field equations. As promised by the need to satisfy requirement 3, the first equation is the unmodified Einstein equation. Thus, only the last 2 equations receive new terms with respect to the equations in [1, 2] , and these arise solely from the quasi-topological Pontryagin term S P ont . For action (7) they are tied to the Immirzi parameter (but see the proviso explained in Section II), and vanish for γ → ∞.
We can now reduce these equations to a homogeneous and isotropic Universe using (1) and (2) 
where for the time being we have assumed vanishing spatial curvature and with the usual Hubble parameter replaced by the function:
-where dots denote derivatives with respect to cosmic proper time -and the parity-odd component of the torsion, P , inducing the spatial components ω ij of the connection. Therefore, the curvature 2-form R ab ≡ dω ab + ω a c ω cb has components:
and we see that no longer do R 0i ∝ e 0 e i and R ij ∝ e i e j , with possibly different proportionality constants, as is the case for parity invariant solutions (with implications studied elsewhere). By looking at the projection abcd e b R cd we can find the Ricci and Weyl components of the curvature, R ab and W ab , respectively. With R ab = R ab + W ab we have:
for the Ricci component entering the Einstein equation, and
for the Weyl curvature. Whereas the parity-even part of the torsion, T , contributes only to Ricci curvature, the parity-odd component, P , contributes to both Ricci and Weyl curvature.
It is therefore possible to have Weyl curvature in FRW models, if the appropriate form of (parity-odd) torsion is present. It is the presence of Weyl in FRW models that allows for the novelties found in this paper.
Avoiding simplifications that would obscure comparison with previous work, the full set of equations (14)-(42) applied to FRW becomes:
(ag)
It can be checked that differentiation of the equation (26) and the use of equations (27)- (30) implies thaṫ
and this equation can be used to replace (27) to produce a very practical complete set of equations. As already noted in [2] , Eq. 31 implies that matter is covariantly conserved with regards to the torsion-free connection. As explained in [2] , this result is actually very general, and can be proved using Noether's theorem and an appropriate set of assumptions. By letting γ → ∞ we see that we can set P = 0 and recover the equations (31)-(34) of reference [2] . However, the parity even solutions with P = 0 are merely a branch of the theory, and we can explore more general solutions with P = 0 and investigate how these relate to the original ones found in [2] . Furthermore if γ is finite we cannot consistently set P = 0 (except for trivial solutions, which are briefly discussed in Section V E) if is finite. Thus the presence of the Pontryagin term in the action precludes the existence of parity invariant solutions.
Even before we start looking in the detail at the new solutions, we can see that, with the introduction of P , the system of equations obtained is qualitatively very different. Crucially, no longer is the Lambda equation (30) an algebraic equation, a fact behind much of the behaviour reported in [2] . This is directly due to the presence of Weyl tensor in parity violating solutions. Without Weyl curvature, the Euler term in (42) (first term) can be eliminated in terms of Λ and ρ and p via the Einstein equation, and the last (Pontyagrin) term in (42) vanishes. If Weyl curvature is present, it contributes to the Euler invariant with terms that cannot be determined by the Einstein equations in terms of matter and Λ (recall the Enstein equation remains unmodifed and so dependent only on the Ricci tensor). Also the Pontryagin term no longer vanishes (and neither can it be eliminated by the Einstein equation). The result is a differential equation, as evidenced by the right hand side of (30) . The Lambda equation is only algebraic if Weyl curvature vanishes, as is the case with parity even solutions.
IV. THE NEW BRANCH OF THE γ → ∞ THEORY
In this paper we focus on parity breaking solutions without Pontryagin term. By letting γ → ∞ equations (26)- (30) simplify to:
Setting P = 0 we recover equations 31-34 in [2] , as already stated. Specifically, we see that without matter we have Λ 2 = Λ 2 for the equation of motion (EOM) of Λ, signalling that it remains unspecified. Whether this is a true degree of freedom will be examined in Sections V and VI. If there is matter, then the Lambda algebraic EOM implies that Λ tracks matter, except in the case of pure radiation, where the equation sets the radiation density to zero, and we are back to pure Λ. Again, we shall re-examine this in the next Section, and understand it in relation to the conformal invariance of radiation. Finally, we note that Eq. (35) is absent for P = 0, since it reduces to 0 = 0.
However, if P = 0 an entirely new branch of the system emerges, with qualitatively different behaviour. We gain a new differential equation, since (35), rather than collapsing to 0 = 0, now states:
In addition the equation obtained by varying Λ is no longer algebraic, as announced. The rest of this Section is devoted to finding the new solutions, and the next Section to examine the meaning and orgin of the new branch. In Appendix I we present an alternative derivation of the field equations following from the action (7). One starts by writing down the action for FRW and only then variations are taken. This will be useful for an examination of the Hamiltonian structure later. A first order closed system can then be found.
A. Solutions without matter
We now consider solutions where P = 0 (parity violation), but Λ = 0 and ρ = p = 0. These are the non-SD vacuum solutions speculated to exist in [1, 2] . From now on, for convenience, we will often use "conformal" versions of both P and g defined from:
It can be shown (see Appendix I) that the equations of motion then reduce to
with Hamiltonian constraint:
where we have allowed for a non-zero spatial curvature k. Eq. (43) implies constancy of the conformal version of P :
so we see that the parity violating term behaves like negative curvature in the Hamiltonian constraint. Also, Eqs. (41) and (42) can be combined to yield
Then, the Λ evolution equation combined with the Hamiltonian constraint can be used to obtain an ordinary differential equation for Λ that can be integrated to yield, for k − c 2 0 > 0 and b 0 > 0, the parametric expression:
where η 0 is an integration constant and we've define the coordinate η via dη = Λ/3dt (not conformal time, therefore). For the case c 
Thus for η η 0 in both cases, Λ increases as e η . These are the non-SD vacuum solutions of the theory when γ → ∞. We notice that indeed they have non-vanishing Weyl tensor, even though they are homogeneous and isotropic (but not parity invariant). From (24) and (25) we see that W ij = 0 for these solutions, but W 01 = 0. Because the Weyl tensor is non-zero, Einstein's equations in vacuum no longer reduce to Eq. (6) .
We defer to [17] a complete study of the equivalent solutions under the influence of the Pontryagin term. As a brief illustration of differences that can arise when γ is finite, we note that for this case the following solution exists 2 :
i.e. this solution corresponds to de Sitter space and represents as a General Relativistic limit as Λ is constant and the torsion vanishes. Now consider small homogeneous perturbations around this solution, for example Λ(t) = Λ 0 + λ(t), c(t) = δc(t). It can then be shown that
Therefore, this solution is stable against small time-dependent perturbations.
B. Tracking solutions in the presence of matter
It was found in [1] that when c = 0, matter dramatically altered the behaviour of the theory. We now investigate the effect of matter when P a = c = 0. We provisionally set k = 0 (in effect assuming that curvature provides a negligible contribution to the Einstein equations) and look for solutions where the gravitational fields in some sense scale in the same way as the dominant matter component. We take this component to be a perfect fluid with pressure p = wρ. From the matter conservation equation, Eq. 31), it follows that ρ ∼ a −3(1+w) . We adopt a notation:
and we make the "scaling" or "tracking" ansatz:
where the Ω i are constants. The Hamiltonian constraint equation then reads:
In the limit γ → ∞, the system of equations of motion (see Appendix I) becomes a set of algebraic equations for the Ω i . The solutions can be categorized as follows, with the subscripts enumerating various cases:
For Case 1, Ω c is negative for w > −2/3 and hence -from (57) -c ∈ iR and therefore the solution is unphysical for cosmologies possessing periods of matter or dust domination. Similarly Case 2 is excluded and whilst for Cases 3 and 4, Ω c is positive, its magnitude is too great to give a realistic expansion history of the Universe. Thus, the scaling solution for infinite γ are as unviable as those studied in [2] . We defer to [17] a more complete study of the finite γ case, but here give a preliminary result. It may be shown that in the case of finite γ, the quantities R Λ ≡ Ω Λ /Ω w , R c ≡ Ω c /Ω w obey the equations:
These equations admit solutions where R Λ = 0, which always satisfies (64), leading to (65) taking the form
which possesses solutions 0 < R c ∼ γ 2 /9 1 for 0 < γ 1 (see Figure 1) . We do not consider γ < 0 here as it may be shown that solutions for R c are either negative or greater than or equal to 1/2.
C. Non-tracking solutions in the presence of more realistic matter content
For completeness, we now look at solutions to the field equations in the presence of realistic matter content (combined radiation and dust in typical abundances). The evolution of c 2 for several cosmological models is shown in Figure  2 .
We see that if c 2 begins above the tracking solution, it can stay close to the tracking solution for a time, eventually departing to take on a constant value. When this happens, the c field -in having an effective density which scales as c 2 /a 2 -gravitates in the same way as curvature. The departure from the tracking solution indicates that this effective curvature has begun to dominate the matter components (with the fields c and Λ then being well approximated by the results of Section IV A), leading to conflict with data if this happens too early. Closeness to the tracking solution yields in the radiation era an additional radiation component with half of the energy density of the combined photon and neutrino fluid which is also in conflict with data.
We have therefore identified the culprit for the phenomeno- logical troubles of these models. But we have also found how to fix the problem. The existence at finite γ of tracking solutions for which the energy density due to c is much smaller than that due to radiation (see Fig. 1 ) is ultimately what enables such models to result in a realistic cosmology. These will be explored in [17] , where it will be additionally shown that the new gravitational degrees of freedom are capable of producing the late-time acceleration of the universe.
Finally, we note that if c 2 begins below the tracking solution, it tends to result in Universes that do not persist to the present moment. To understand this, we note that the c equation of motion can be written as follows:
and so generally if c 2 has decreased to reach 0, it will continue attempting to decrease which is an impossibility for c ∈ R. Interestingly, similar behaviour was observed by Toloza and Zanelli [21] for the analogue of the field c in a theory which differs from the one under consideration here by fixing the Λ in (8) to be a constant 3 .
V. HAMILTONIAN STRUCTURE OF THE TWO BRANCHES
The Hamiltonian analysis of the system with γ → ∞ sheds light on the nature of the two branches c = P a = 0 and c = 0. A simple way to derive the Hamiltonian can be found in two steps applied to the action (147) derived in Appendix I, which is nothing but (7) specialized to FRW symmetry, with slightly different conventions and allowing for spatial curvature for generality.
Step 1 We start by noting that the Euler term (i.e. the last two terms in (147)) can be rewritten in terms of the time derivative of the Chern-Simons (CS) time of the system (see [13, 14] ). Indeed (147) is equivalent to:
where indeed:
is the CS time of the system (i.e. the imaginary part of the CS functional [14, 15] ). We can therefore integrate the second term by parts to identify the momentum Π conjugate to Λ −1 , and rephrase this in the form of a primary constraint forcing Π to be proportional to the CS time seen as a function of connection variables b and c. In other words, we can introduce a Lagrange multiplier V to propose an action with the same equations of motion (since it is the same up to a boundary term):
Step 2 Having done this, we note that c does not appear dotted or mutiplying any dotted quantity in the action, that is, it has no conjugate momentum. Within this approximation (spatial homogeneity and isotropy), this exposes the fact that c is a connection degree of freedom which does not have a conjugate metric variable (there is no parity odd possible component for e a ). [JM: I suspect this is general; see the canonical transformation behind the Ashtekar connection]. We could express this fact by introducing a term of the formċΠ c in the action and add and a further constraint forcing Π c ≈ 0 on-shell. This would lead to a second-class constraint (as we shall see in Section VII). Due to the complications inherent to second-class constraints we therefore opt to eliminate c directly using the algebraic equation obtained by varying with respect to c:
At once we see that this has two distinct branches: c = 0 and V = 2N a/b leading to two different theories.
Theory 1 If c = 0 then:
and so the theory only has one independent constraint. Eliminating V we have:
This is the theory containing the parity-odd solutions studied in this paper. Note that both the spatial curvature k and c disappear from the constraint. Theory 2 If c = 0 then V and N remain independent:
This is the theory studied in [2] , and it does not break parity. We can write both Theory 1 and Theory 2 in the following form:
where p ≡ −2b and we have integrated by parts. Hence, the basic symplectic structure of both theories is:
where the brackets denote the Poisson bracket. We now examine the structure of constraints of these two theories. We will distinguish between vacuum solutions and solutions where matter has been added in the form of either a dust fluid or a radiation fluid. The details of the steps to the Hamiltonian formulation of these models are presented in Appendix II.
A. Structure of Theory 2
For Theory 2 the Hamiltonian:
is made up of two constraints:
multiplied by appropriate Lagrange multipliers. The constraints form a closed algebra:
so they are functional first-class constraints (they close, but the "structure constants" are functions of phase space). There is no need to add any further constraints to the total Hamiltonian to make the algebra close. The first constraint generates variations:
The second constraint generates:
The latter are shifts in Λ, together with a change in a 2 obtained from the Hamiltonian constraint. As we shall see in the next Section, the symmetry associated with these transformations is conformal symmetry. The first (Hamiltonian) transformations are a combination of a time lapse (resulting from the invariance under time reparameterizations) and a conformal transformation which would leave Lambda unchanged.
Thus the time evolution is given by the Hamiltonian evolution plus a conformal transformation. This is always the case with constrained systems (see [23] ; pp 11). Specifically, for a general quantity ḟ
so the time evolution equations with N = 1 (proper time) are:
Together with H 2 ≈ 0 and V 2 ≈ 0, the full content of these is:ȧ
and they are equivalent to the equations 31-34 of [2] . The first equation may also be written asȧ = b−T a with T =Λ/(2Λ). Therefore, the arbitrariness of Λ found in [2] merely reflects the fact that Lambda is pure gauge. The time evolution is given by the Hamiltonian evolution (keeping Λ constant) plus a conformal transformation resulting in whatever Lambda evolution we want. For a given Λ(t) we should set
B. Structure of Theory 1
For Theory 1 we have:
with the single (Hamiltonian) constraint. The constraint generates transformations
and these result directly in the time evolution of the system. Choosing N = 1 and evaluatingḟ = −2a{f, H 1 } for all quantities leads to the system of ODEs derived above.
C. The structure of the theories in the presence of matter
We now look at the effect of the inclusion of matter. For ease of illustration we will focus on the cases where the matter content is either in the form of a pressureless dust or a radiation fluid. This will be sufficient to make the point regarding the crucial difference between conformally invariant matter and non-conformally invariant matter.
It can be seen using the results of Appendix II that the dust and radiation do not couple to c and so equation (71) still applies and leads to a similar phenomenon of branching depending on whether c(t) = 0 or not and we will retain the designations Theory 1 and Theory 2 based on this distinction. We can write the combined matter and gravitational action as follows:
where the symplectic structure is supplemented by the {φ, P} = 1 amongst matter field φ and its momentum P.
Theory 2 in the presence of dust matter
Using the results of Appendix II, it can be seen that for Theory 2 in the presence of dust we now have the Hamiltonian
where V 2 retains the form (80) and now
Working out the Poisson bracket between the two constraints we now find:
Therefore time evolution according to H 2 only preserves the constraints if, furthermore, a secondary constraint
is additionally present. This constraint requires that Λ be entirely fixed in terms of the dust momentum P = (2/3)κρa 3 which is equivalent to the result found in [2] : one must have ρ = Λ for w = p/ρ = 0. We further require that the constraint (98) is preserved by time evolution. It can be shown that {W 2 , H 2 } ≈ 0 if
Therefore (as in Eq. 72 for Theory 1) V cannot be specified independently of {p, a, Λ, N }, signalling that the gauge freedom present in Theory 2 without matter is no longer present (as we will see the symmetry is conformal invariance, broken by dust).
There is, however, a function that has a weakly vanishing Poisson bracket with all the other constraints:
On the constraint surface defined by the three constraints, we have that
Therefore, if we take constraints to be (V 2 , W 2 , Z 2 ) we form the algebra:
This suggests that in Theory 2 in the presence of pressureless dust there are two second-class constraints (V 2 , W 2 ) and one first-class constraint Z 2 . We will see presently how this affects the counting of the number of degrees of freedom of the theory.
Theory 2 in the presence of a radiation fluid
For Theory 2 in the presence of a radiation fluid we have the Hamiltonian
as explained in Appendix II. Working out the Poisson bracket between the two constraints we find:
Therefore, time evolution according to H 2 only preserves the constraints if there is a secondary constraint:
Recalling that ρ ∝ P 4/3 /a 4 we see that this is nothing but the conclusion found in [2] that for w = 1/3 the radiation density in the Universe is zero and thus the theory reduces to the vacuum theory (this follows directly from Eq. (30), setting the right hand side to zero).
Unsurprisingly we recover the structure of Theory 2 in vacuum. It can be checked that {W 2 , V 2 } = {W 2 , H 2 } = 0 and therefore V and N remain arbitrary and independent functions of time. The Hamiltonian equation of motion for φ yieldsφ ∝ P 1/3 ≈ 0, showing that φ = cst. on the constraint surface. Due to the global shift symmetry of the scalar field action of Appendix II, this constant can be set to zero without loss of generality, meaning that consistent dynamics takes place on a submanifold of phase space where P ≈ 0 and φ ≈ 0. Then, the symplectic structure {φ, P} = 1 can be interpreted as non-commutation of constraints i.e. the presence of second-class constraints. We have {φ, V 2 } = 0 and {φ, H 2 } ≈ 0, therefore we have two first-class constraints (H 2 , V 2 ) and two second-class constraints (φ, P).
Theory 1 in the presence of matter
It may be shown that in the presence of dust in the case of Theory 1 we now have:
whereas in the presence of radiation we have
As in the absence of matter, the theory contains one constraint and Hamilton's equations will be equivalent to equations (148)-(151).
D. Degrees of freedom
Having found the constraint structure in the cases with and without matter (dust or radiation), we can now compute the degrees of freedom for each theory following the formula [23] :
where Dim ph is the dimensionality of the unconstrained phase space, F is the number of first-class constraints, and S is the number of second-class constraints. Without matter, phase space is coordinatized by (a 2 , p, Λ −1 , Π) and so Dim ph = 4. For Theory 2 we have two first-class constraints and no second-class constraints and hence N dof = 0. For Theory 1 we have one first-class constraint and no secondclass constraints and hence N dof = 1. In the presence of either radiation or dust, the phase space can be coordinatized by (a 2 , p, Λ −1 , Π, φ, P) and so Dim ph = 6. For Theory 2 in the presence of dust we have one first-class constraint and two second-class constraints and hence N dof = 1 whilst for Theory 2 in the presence of radiation we have three two-class constraints, two second-class constraints and hence N dof = 0. For Theory 1 we have one first-class constraint and no secondclass constraints and hence N dof = 2. The situation can therefore be summarized in table I, where we have included standard GR for comparison. As we can see Theory 2 does not have any new degrees of freedom in addition to GR. In addition, if its matter content is radiation, the the theory is equivalent to GR without matter. On the contrary the parity violating Theory 1 does have a genuine new degree of freedom. We will understand this better when we identify the origin of the new constraint in Section VI.
E. Hamiltonian structure for general values of γ
Even though we defer to [17] a more complete study of finite γ, we add some comments here for completeness. For a general value of γ the action (70) is modified in that the term multiplying V in the Lagrangian now has additional terms in it and the equation of motion obtained from varying c now takes the form
Thus outside of the limit |γ| → ∞ this equation is not automatically satisfied by the special solution c(t) = 0 but would additionally require b 2 (t) = −k to leave V undetermined, which from the N equation of motion would then imply Λa 2 being constrained to vanish. Outside of this special case, it is generally possible to solve for c and V from their combined equations of motion -as in Theory 1 in the γ → ∞ limit -and yield a Hamiltonian formulation with one constraint.
VI. THE CONFORMAL INVARIANCE OF THE THEORY
It was conjectured by Dirac [23] that all primary and all secondary first-class constraints generate gauge transformations 4 . Here we show that the new constraint V unveiled by the Hamiltonian analysis of the system is conformal invariance. Under a conformal transformation:
we have that the Lagrangian L derived from the action (7), as in S = L, transforms up to a boundary term as:
The fact that the Lagrangian is not invariant (but only a conformal density) implies that the EOM obtained by integration by parts (e.g. the ω ab equation) will not generally be conformally invariant. All the other equations, however, will be.
Note that the torsion is not a conformal tensor, since:
however this does not spoil the conformal invariance (with weight 1) of the total action. Note also that in a FRW background it is the parity-even component of the torsion that fails to be a conformal tensor:
Hence we see all the relevant quantities transform as:
(it is easy to see thatg = g/ √ φ for the new Hubble parameter, g, defined in Eq. (19)). By setting φ = 1 + V Λ/6, with V 1, we see that these imply (83).
Having identified the symmetry behind the extra constraint of the system we may now investigate why this is preserved when c = 0, but broken otherwise. The reason is that, as already noted, the gravitational Lagrangian is not strictly conformally invariant, but a density (L g is multiplied by φ; cf. Eq. (116)). Thus, any field equations involving integrations by parts will not be conformally invariant. In our case the relevant equation is the connection equation (15) . Indeed it can be checked that in general this is only conformally invariant for SD solutions (satisfying (6)). For the FRW reduction, the connection equations are (28) and (29) . It can be seen that equation (28) with no matter and γ → ∞ becomes:
which is conformally invariant, even though its LHS and RHS are not. However equation (29) is not conformally invariant, unless P = c = 0. If c = 0 this implies Eq. (37), obviously not conformally invariant. Hence the component of the connection equation that breaks conformal invariance is precisely the same that breaks parity. This is why Theory 2 in the absence of matter is nothing but GR with one extra gauge degree of freedom represented by the cosmological constant (see Table I ). Discounting gauge degrees of freedom, the theory is the same as GR. In the same way that Minkowski and de Sitter space-times have no d.o.f., the theory does not have any. The apparent new degree of freedom is pure gauge, and this is why Lambda is left undetermined. The same happens if the matter content is conformally invariant (in which case the theory is equivalent to GR in vacuum, with the density of the matter forced to be zero for the equations of motion to admit consistent solutions). Addition of non-confomal matter adds a degree of freedom to both GR and Theory 2. In contrast, Theory 1 never displays conformal invariance at the level of the equations of motion. It always has one fewer constraint than Theory 2, and consequently one more degree of freedom than GR, with or without matter (conformally invariant or not).
Finally we remark that by choosing
it is possible to map theory into a constant Λ theory with a varying gravitational constant, should the matter content be non-conformally invariant. This is indeed what is found in the solutions reported in [2] , for Theory 2, which does preserve conformal invariance.
VII. PARITY VIOLATION AS THE SOURCE OF A SECOND-CLASS CONSTRAINT
There is an alternative way to understand the double branch structure triggered by setting the parity violating component of the torsion c to zero, or not. Here we will illustrate this ignoring matter (it is straightforward but tedious to include matter).
The fact that c has a vanishing conjugate momentum (see Eq. (70)) could have been phrased as another constraint, rather than solving for c and eliminating it from the action, as we did in Section V, step 2. Then, we would have to contend with 3 constraints, encoded in action:
where 
with {c, Π c } = 1, beside the previously defined Poisson brackets, (76) and (77). Computing the algebra of constraints we find that, even without setting c = 0, we still have:
as in Theory 2 (see Eq. 81). In addition:
There are now 2 ways to turn this system of second-class constraints into first-class constraints, resulting in theories with a different number of d.o.f. One is to increase the number of constraints by imposing the further constraint:
so that now (132) and (133) vanish on-shell (or close within the system including the new constraint). Note that {c, H 3 } = {c, V 3 } = 0, so the whole system is now first-class if we ignore c and Π c . Obviously, c = 0 and Π c = 0 do not commute, since {c, Π c } = 1, but this is simply two second-class constraints over two variables, rendering them irrelevant. This results in Theory 2. The other way is to decrease the number of constraints and close (132) and (133) by forming the linear combination of constraints H 3 and V 3 as they enter in the total Hamiltonian which does commute with Π c . This amounts to requesting that
and from (132) and (133) this implies N = −V p/(4a) = V b/(2a), so the linear combination sought is proportional to H 1 . This is Theory 1. We see that even though the counting leading to the number of degrees of freedom is done differently the final result is the same. Instead of Table I (for no matter) we now have Table II .
VIII. CONCLUSIONS
In this paper we found a new degree of freedom in homogeneous and isotropic, but parity violating Universes, allowing for Weyl curvature. It is present, for example, in the theory proposed in [1] . At the level of homogeneous and isotropic space-times (for which GR has zero degrees of freedom without matter and one d.o.f. with matter) this is the only new degree of freedom of the theory proposed in [1], but it would be interesting to study the equivalent problem for tensor and scalar perturbations, and see the implications for the graviton.
Within FRW models we found the new parity violating solutions, with and without matter, focusing on the theory without Pontryagin term (γ → ∞) but with an eye on introducing it. The vacuum solutions reported in Section IV A are the non-SD solutions speculated to exist in [1, 2] . In the presence of matter, we presented scaling solutions in Section IV B, with disastrous phenomenology. The parity violating term enters the Hamiltonian constraint with an effective energy density equal to one half that of the matter component. In Section IV C we found that in the presence of a mixture of matter and radiation the field starts off by tracking radiation, but soon a cataclysm happens, with this term either behaving like a dominating curvature term, or leading to a complex manifold.
However, this depends on the initial importance of the parity violating term. It turns out that this depends on the strength of the Pontryagin term, dialled by γ. As Fig. 1 shows, the amount of parity violating scaling term increases with γ and this is crucial. For infinite γ it is 1/2 and this results in the double disaster depicted in Fig. 2 : either a curvature like domination or a complexification. But this can be averted with finite γ, leading to a realistic cosmology, including the late-time acceleration of the universe. A full exploration of this very rich class of models will be presented in a companion paper [17] .
Having found these solutions in Sections V, VI and VII we sought to to understand where the parity invariant solutions reported in [2] fit in with the parity breaking solutions reported here. By finding the Hamiltonian formulation of the theory in Section V we were able to determine that by setting P = 0 or not, one is led to different theories, with different numbers of constraints and degrees of freedom. The counting is displayed in Table I , where one sees that allowing for parity violating torsion results in a less constrained theory. In Section VI we were able to identify the gauge symmetry associated with the extra constraint as conformal invariance. Switching on the parity breaking term in the torsion amounts to breaking conformal invariance at the level of the equations of motion, since the action is a conformal density, and the torsion equation involves an integration by parts, as explained in Section VI. The solutions found in [2] , therefore, are nothing but conformal gauge transformations performed upon GR, unless non-conformal matter is added. In contrast the solutions reported in this paper represent a genuinely new degree of freedom, since conformal invariance is always broken.
In Section VII we present some final results on this bifurcation of a nominal single theory into two. Regardless of whether the parity violating term P = ca is set to zero or not, it is generally true that its conjugate momentum, Π c , is zero. This is ultimately because there is no parity violating degree of freedom in the tetrad that can serve as conjugate variable to the connection component associated with torsion P . In view of this, we can either solve for c and find the double branch structure described in Section V; or else, instead regard Π c = 0 as a secondary constraint. The resulting algebra can then be closed in two ways. If a further constraint is added, setting P = ca = 0, then, together with Π c = 0, we end up with two second-class constraints (since c = 0 and Π c = 0 do not commute) which commute with all the others. This is the hallmark of redundant variables, and renders parity violation irrelevant to the theory, preserving conformal invariance. This is the theory of [2] . Alternatively we may close the algebra by linking the Hamitonian and conformal constraints, thereby breaking conformal invariance, but allowing for the parity violation term in the torsion. This results in the theory studied in this paper. It would be interesting to investigate the underlying symmetry corresponding to Π c = 0, if any, and how it interacts with conformal invariance.
With the benefit of hindsight it is easy to understand our results from considerations of symmetry and tensor algebra. After splitting space-time into time and space we are left with only two Cartesian tensors with which to build homogeneous and isotropic spatial structures: the Kronecker delta and the Levi-Civita tensors. In the second order formalism, with only the metric to deal with, there is no room for parity violation. This is because of the tensorial structure of the tetrad e a : a set of one-forms with a single tetrad index. There is no isotropic way to link e i and dx j beside using δ i j . Likewise for e 0 and dt and dx i . The first order formalism, and the possibility of torsion, opens up the doors to homogeneous, isotropic, but parity violating Universes. One can see this both from the spinconnection or the torsion viewpoints. The torsion is a set of 2-forms with a single tetrad index, T a . This results in spatial T i which can be isotropically linked to e i e j using ijk , beside the usual isotropic parity-even term e 0 e i . Likewise, we have this parity-odd degree of freedom for a set of one-forms with two indices, such as the connection ω ab . From the definition of torsion we see that this degree of freedom in both quantities is the same. This degree of freedom propagates to the curvature (a set of 2-forms dependent on 2 tetrad indices) in the form of the Weyl tensor components (24) and (25) . It is absent in the metric, and also in the matter content, since the stressenergy τ a forms a set of 3-forms with a single tetrad index. An isotropic τ 0 can only be proportional to ijk e i e j e k (the proportionality constant being the energy density); an isotropic τ i can only be proportional to i jk e 0 e j e k (with pressure as the time-dependent proportionality constant).
We are therefore talking about a connection degree of freedom which does not have metric conjugate or a matter source. No wonder a different Hamiltonian structure is found, depending on whether we switch it on or off. Torsion and connection are the degrees of freedom that allow these parity violating models, and the results here add to existing examples of torsional degrees of freedom contributing towards the evolution of the Universe [4, [6] [7] [8] [9] . They imply homogeneous and isotropic Weyl curvature. It would be interesting to explore, purely on the grounds of symmetry, what observables could detect this background effect (i.e. an effect present even before adding perturbations), for example in the CMB or in weak lensing. The TB component of the polarization [26, 27] and the vector part of the weak lensing [28] seem promising avenues to explore. dr K(r) E 2 = rdθ E 3 = r sin θdϕ.
Here N is the lapse function and we have allowed for nonspatially flat FRW models (K(r) = 1/ √ 1 − kr 2 with k being the constant of spatial curvature). Then, the torsion is T a ≡ de a + ω a b e b is given by:
and the curvature two-form R ab ≡ dω ab + ω a c ω cb becomes:
As announced in the main text (and obvious by comparing (142) with (4) and (19)) one can bridge P and g variables (used in previous literature) with c and b ones (more natural in this approach) according to
It is now a matter of tedious calculation to prove that the gravitational action (7) when specialised to FRW becomes: 
For a quantity v a in the vector representation of the Lorentz group, a parity transformation can be represented by a matrix Λ Given this, the comoving basis one-forms will transform like E 0 → E 0 , E i → −E i and the connection ω ab will transform as ω 0i → −ω 0i , ω ij → ω ij . Hence we have a → a, b → b, c → −c. We note from (148-(151)) that the field c and constant γ appear only via combinations c 2 ,γ 2 , and cγ. Therefore the effect of a parity transformation is equivalent to leaving (a, b, c) invariant and taking γ → −γ. The fact that solutions to the field equations for finite γ don't generally agree for γ → −γ is a manifestion of parity violation in these models.
APPENDIX II: MODELS FOR MATTER ACTIONS
Writing the gravitational action in FRW symmetry is a useful starting point for exploring the Hamiltonian formulation of the theory in this symmetry. It is further useful to add models of matter components in this context in order to see the effect of matter on the Hamiltonian formulation. We will consider two models in detail: a pressureless dust and a scalar field model acting as a radiation fluid.
A. Pressureless dust
An action describing pressureless dust is [29] : 
First we introduce a new field v = (1/N )φ so that the action becomes:
where P is a Lagrange multiplier enforcing the constraint between v and (1/N )φ. We can then eliminate v from the action principle by using its own equations of motion to get:
We can furthermore eliminate ρ via its equation of motion possessing the solution κρ = 3P/2a 3 to yield:
Thus we see that P is the canonical momentum of the dust field φ.
B. Radiation fluid
It is known [30] that the following scalar field action in FRW produces the effect of a perfect fluid with equation of state w = 1/3:
where the constant ξ can be chosen so that the energy momentum due to this field is correctly normalized in Einstein's equations. Note that the the action (158) is manifestly invariant under local transformations g µν → φ(x µ )g µν , ϕ → ϕ. In FRW symmetry we have (again omitting the trivial spatial integration):
As in the case of pressureless dust we may introduce a field v ≡φ/N so that the Lagrangian becomes:
Eliminating a real solution for v using its own equation of motion, we recover the action
where χ ≡ (3/8)(3/2ξ) 1/3 . From the way P enters the Hamiltonian constraint we see that: 
